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ABSTRACT
Using gauge formulation of gravity the three-dimensional SU(2) YM the-
ory equations of motion are presented in equivalent form as FRW cosmo-
logical equations. With the radiation, the particular (periodic, big bang-
big crunch) three-dimensional universe is constructed. Cosmological entropy
bounds (so-called Cardy-Verlinde formula) have the standard form in such
universe. Mapping such universe back to YM formulation we got the ther-
mal solution of YM theory. The corresponding holographic entropy bounds
(Cardy-Verlinde formula) in YM theory are constructed. This indicates to
universal character of holographic relations.
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It becomes popular in theoretical physics to apply different formulations
(and even theories) in the description of the same phenomenon. For exam-
ple, it is expected that Einstein theory presented in Yang-Mills (YM) form
is easier to quantize. Moreover, its renormalizability properties seem to be
better in YM-like form [1]. From another point, there exists the YM the-
ory presentation in Einstein-like form. In this relation the natural question
is: can one achieve some new results in YM theory using recent studies of
cosmology based on holographic principle?
In this paper we start the investigation in this direction. Using three-
dimensional YM theory as an example we first rewrite it in the gravitational
form. The YM equations of motion are then rewritten as FRW cosmological
equations where natural definition of Hubble, Bekenstein and Bekenstein-
Hawking entropies maybe done. As a result FRW equation is represented in
the form similar to two-dimensional CFT entropy (so-called Cardy-Verlinde
formula [2]). Introducing the radiation (matter) the explicit solution of
such three-dimensional periodic universe is obtained. The cosmological en-
tropy bounds (holographic Cardy-Verlinde formula) are quite simple for such
universe. In particular, the Bekenstein entropy is constant. Such three-
dimensional universe is then mapped back to YM theory form. (Such proce-
dure maybe considered as an interesting way of generating of YM solutions
from FRW cosmological solutions). The correspondent thermal YM solution
on which YM action diverges is constructed. The divergence of action is
absorbed into the renormalization of the gauge coupling constant. After the
identification of YM entropy with Bekenstein entropy the Cardy-Verlinde
formula defines the entropy bounds in YM theory.
The action of Yang-Mills theory with the gauge group SU(2) is given by
SYM =
1
4g2YM
∫
ddx
3∑
a=1
(
F aijF
a ij + 4g2YMA
a
i J
ai
)
(1)
F aij = ∂iA
a
j − ∂iAaj −
3∑
b,c=1
ǫabcAbiA
c
j . (2)
Here d is the dimension of the spacetime and Jai is the external source. For
d = 3, one can rewrite the action (1) in the following form:
SYM =
1
2g2YM
∫
ddx
3∑
a=1
(
Bai B
a i + 2g2YMA
a
i J
ai
)
. (3)
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Here Bai is defined by
Bak = ǫkij
(
∂iA
a
j −
1
2
ǫabcAbiA
c
j
)
, (4)
The equations of motion are
0 = ǫkijDkB
a
j − g2YMJai = ǫkij
(
∂kB
a
j −
1
2
ǫabcAbkB
c
j
)
− g2YMJai . (5)
Here Di expresses the covariant derivative. On the other hand, Bianchi
identities are:
0 = DiB
a i . (6)
There exists a formulation of gravity starting from the gauge theory,
whose gauge group is the Poincare group composed of translations and
Lorentz transformations. The gauge field of the translation corresponds
to the vierbein (or vielbein) and that of the Lorentz tansformation to the
spin-connection. The gauge curvature of the translation corresponds to the
torsion. Then if we impose a condition that the curvature vanishes, we can
solve the spin connection in terms of the vier(viel)bein field if the dimension
of the spacetime is larger than 2. As the Lorentz group is S(d − 1, 1) for
d-dimensional spacetime, one can rewrite the gauge field of SO(d− 1, 1) by
the vier(viel)bein field. Such a formulation for the supergravity is developed
in [4]. In the similar way in ref.[5], 4 dimensional Yang-Mills theory is pre-
sented in the Hamiltonian formulation in terms of 3 dimensional gravity3.
The parametrization of the gauge field used in the paper corresponds to the
expression of the spin connection by the dreibein fields.
In the following, as a most simple and non-trivial case, we consider the
case that the dimension of the spacetime is 3 (d = 3) and the spacetime
is Euclidean, where the Lorentz group is SO(3) or SU(2). In case that the
spacetime is 3 dimensional Euclidean space, the Poincare algebra is generated
by the generators of the translation T a (a = 1, 2, 3) and the rotation Ra
(a = 1, 2, 3) around a-axis. The algebra is explicitly given by
[Ra, Rb] = ǫabcRc , [Ra, T b] = ǫabcT c , [T a, T b] = 0 . (7)
3The presentation of SUSY YM theory in terms of Riemann geometry is recently con-
sidered in [6].
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Denote the gauge fields corresponding to the translation and the rotation by
uai and A
a
i (a = 1, 2, 3), respectively. Then the curvatures R
Ta
ij corresponding
to the translation and RRaij corresponding to the rotation are given by
RTaij = ∂iu
a
j − ∂iuaj − ǫabc
(
Abiu
c
j − Abjuci
)
,
RRaij = ∂iA
a
j − ∂iAaj − ǫabcAbiAcj . (8)
The relation
RTaij = 0 (9)
corresponds to the torsionless condition in gravity. The condition (9) can be
solved with respect to Aai :
Aai = −ǫabc
(
∂iu
b
j − ∂jubi
) (
u−1
)j
c
+
1
4
ǫbcd
(
∂ku
b
j − ∂jubk
) (
u−1
)j
c
(
u−1
)k
d
uai
=
ǫnmk∂mu
b
k
(
uanu
b
i − 12ubnuai
)
det u
. (10)
Then the field strength Bak defined by (4) is related with the Einstein tensor
Gij = Rij − 1
2
gijR by
Bai =
√
guajG
ij . (11)
Here the metric tensor gij is defined by
gij = u
a
i u
b
j (12)
and Rij and R are the Ricci curvature and the scalar curvature constructed
on gij . Let denote the covariant derivative with respect to the SO(3) gauge
group by Di and the covariant derivative with respect to the gravity by ∇i.
Then Eq.(11) tells that
DjB
ai =
√
guaj
(
∇jGij − ΓijlGkl + ΓlljGkl
)
, (13)
which leads
DiB
ai =
√
guaj∇iGij . (14)
The Bianchi identity
∇iGij = 0 (15)
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can be consistent with the gauge Bianchi identity (6). By using (11), the
Einstein equation
Gij = κ2T ij , (16)
with the energy-momentum tensor Tµν can be rewritten in terms of the gauge
fields:
Bai = B
exta
i , B
exta
i ≡
κ2
2
√
guajT
ij . (17)
Here one can regard Bextai as an external filed, which is related with J
ai (5)
by
ǫkijDkB
exta
j = g
2
YMJ
ai . (18)
Since the conservation of the energy-momentum tensor ∇iT ij = 0 cor-
responds to the “conservation law” of the external fields, if the energy-
momentum conservation holds one can construct the solution of the Bianchi
identity (6) from the solution of the Einstein equation (16) using (11).
Now we consider more concrete solution. Assume the dreibein fields have
a form of
u1t = 1 , u
2
θ = e
A(t) , u3φ = sin θe
A(t) , other components = 0 , (19)
which give the Euclidean FRW metric
ds2 = dt2 + l2e2A(t)
(
dθ2 + sin2 θdφ2
)
. (20)
The Minkowski signature metric can be obtained changing the compact
gauge group SU(2) or SO(3) to the non-compact ones SU(1, 1), SO(2, 1)
or SL(2, C). The assumptions (19) give
A1t = A
2
t = A
3
t = A
1
θ = A
2
θ = A
3
φ = 0
A3θ = le
AA˙ , A2φ = −l sin θeAA˙ , A1φ = cos θ , (21)
B2t = B3t = B1θ = B3θ = B1φ = B2φ = 0
B1t = −l2 sin θe2AA˙2 − sin θ , B2θ = l sin θ
(
A¨+ A˙2
)
eA ,
B3φ = l
(
A¨+ A˙2
)
eA . (22)
If we define Bab by
Bab = ubiB
ai , (23)
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Eq.(11) tells Bab is symmetric:
Bab = Bba . (24)
Any N×N symmetric matrixM , in general, can be diagonalized by a matrix
O from SO(N), M → O−1MO =


m1 0 · · · 0
0 m2 0 · · · 0
0 0
. . .
...
...
...
. . . 0
0 0 · · · 0 mN


. Then using
SO(3) gauge transformation, one can diagonalize Bab. The gauge transfor-
mation removes 3 components in Bab, which corresponds to the degree of the
freedom. Eq.(19) and also Eq.(22) manifest such a special gauge choice.
The stress-energy tensor may be presented in terms of the energy density
ρ and the pressure p as
T tt = −ρ , T θθ = l−2e−2Ap , T φφ = 1
l2 sin θ
e−2Ap , other components = 0 ,
(25)
Thus
Bext 2t = Bext3t = Bext 1θ = Bext 3θ = Bext 1φ = Bext 2φ = 0 (26)
Bext 1t = −κ
2
2
l2 sin θe2Aρ , Bext 2θ =
κ2
2
l sin θeAp , Bext 3φ =
κ2
2
leAp .
Then by combining (17), (21) and (26), we obtain the FRW equations:
A˙2 +
1
a2
=
κ2
2
ρ
A¨ + A˙2 =
κ2
2
p . (27)
If we define Jai by (18), any solution of (27) satisfies the equations of motion
(5) by the identification (22). Moreover, if the energy momentum tensor (25)
satisfies the conservation law ∇iT ij = 0, the solution of the equation (27)
also satisfies the Bianchi identity (6).
Here a = leA. Combining (21) and (26) with (18), we may obtain the
external source Jai.
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In gravity one can define the Hubble, Bekenstein and Bekenstein-Hawking
entropies SH , SB and SBH by [2]
S2H = −
(4π)2V
κ4
(∫
dθdφB1t +
V
a2
)
=
(4π)2V 2A˙2
κ4
,
SB = πa
∫
dθdφBext 1t = πaE , SBH =
4πV
κ2a
, (28)
with space volume V and the total energy E defined by
V =
∫
dθdφ
√
g = 2πa2 , E =
∫
dθdφ
√
gρ , (29)
Then from FRW equations it follows the relation[2] reminding about two-
dimensional CFT entropy [3] (so-called Cardy-Verlinde formula)
S2H + S
2
BH = 2SBHSB . (30)
The above equation (30) follows from the first equation in (27).
This equation can be rewritten as
S2H = S
2
B − (SBH − SB)2 . (31)
The well-known square root like in two-dimensional CFT entropy appears
when one evaluates Hubble entropy from above relation. We should note
that
Φ =
∫
dθdφB1t (32)
is total magnetic flux. Then the external flux
Φext =
∫
dθdφBext 1t (33)
corresponds to the total energy
Φext = −E . (34)
Since Eq.(XVIIIb) tells S2B − (SBH − SB)2 ≥ 0, Eqs.(28) and (34) give somel
bound between the external magnetic flux and the spacial volume V :
(
Φext
)2 ≥ ( 4V
κ2a2
+ Φext
)2
. (35)
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We should note, however, the spacial volume V is given from the gravity
side.
In order to proceed further, we consider the radiation as a matter. Then
the energy density ρ and the pressure p have the following forms:
ρ = 2p = ρ0e
−3A . (36)
The FRW equations (27) are
A˙2 +
e−2A
l2
=
κ2
2
ρ0e
−3A
A¨+ A˙2 =
κ2
4
ρ0e
−3A . (37)
The solution of (38) is given by using an intermediate variable η as follows,
a = leA = a0 sin
2 η , t = a0
(
η − 1
2
sin 2η
)
. (38)
The maximum raidus of the universe a0 is given by
a0 =
κ2l3
2
ρ0 . (39)
The universe starts with the big bang at η = 0 (t = 0) and the universe ends
with the big crunch at η = π (t = πa0). Then the universe has the period of
πa0. As this is Euclidean spacetime, one can regard period as the inverse of
the temperature T
T =
1
πa0
. (40)
Since the energy E (29) is given by
E = 4πa2ρ0e
−3A = 4πl3ρ0a
−1 , (41)
we find that the Bekenstein entropy SB is constant:
SB = 4π
2l3ρ0 =
8π2
κ2
a0 = 8πκ
2T . (42)
Here Eqs.(39) and (40) are used. When the radius of the universe is maximal
(a = a0), the Hubble entropy SH and the Bekenstein-Hawking entropy SBH
are
SH = 0 , SBH = 16πκ
2T . (43)
8
In this case CV formula becomes the identity.
The interesting question is: what happens in terms of Yang-Mills theory?
We now evaluate the Yang-Mills action by substituting the classical solution.
Being in the Euclidean spacetime, the action can be regarded as the free
energy F divided by the temperature T :
SYM =
F
T
. (44)
Using the obtained free energy, the Yang-Mills theory entropy may be eval-
uated.
In curved spacetime, the action (1) has the following form:
SYM =
1
4g2YM
∫
d3x
√
g
3∑
a=1
(
F aijF
a ij + 4g2YMA
a
i J
ai
)
. (45)
Then (3) looks as:
SYM =
1
2g2YM
∫
d3x
3∑
a=1
(
1√
g
Bai B
a i + 2g2YM
√
gAai J
ai
)
. (46)
Even in curved spacetime, the Bianchi identity (6) is always satisfied since the
Bianchi identity is a topological equation. On the other hand, the equation
of motion (5) is modified as
0 =
1√
g
ǫkijDk
(
Baj√
g
)
− g2YMJai . (47)
If we define, however, Jai, instead of (18),
1√
g
ǫkijDk
(
Bext aj√
g
)
= g2YMJ
ai , (48)
Eq.(47) is always satisfied.
By using the equations of motion (47) and (17), the action (46) can be
rewritten in the following form:
SYM = − 1
2g2YM
∫
d3x
1√
g
3∑
a=1
BaiB
a i = − 1
2g2YM
∫
d3x
1√
g
3∑
a=1
Bext ai B
ext a i .
(49)
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Then with the help of (19) and (26) one gets
SYM = − κ
4
8g2YM
∫
dte2A
(
ρ2 + 2p2
)
. (50)
By further substituting the solution (38) and using (36), (39) and (40), we
obtain the following expression for the action
SYM = − 6π
2
g2YM
T
∫ pi
0
dη
sin2 η
. (51)
The integration in (51) diverges. The divergence may be absorbed into the
renormalization of the Yang-Mills coupling g:
1
g2R
≡ 1
g2YM
∫ pi
0
dη
sin2 η
. (52)
Using the renormailized coupling constant gR, the action has the following
form:
SYM = −6π
2
g2R
T . (53)
From the identification (44), the free energy F is given by
F = −6π
2
g2R
T 2 . (54)
Then the entropy is
S = −dF
dT
=
12π2
g2R
T . (55)
If we identify
12π2
g2R
= 8πκ2 , (56)
the entropy (55) is equal to the Bekenstein entropy SB (42). As we consider
curved spacetime, the spacial volume V is given by (29). Therefore the
identification (56) gives a bound for the entropy of the Yang-Mills theory
with the external source Jai (48):
S2H + S
2
BH = 2SBHS . (57)
10
As we are now considering the curved spacetime, SBH and SB (57) is given,
as in (28), by the structures of spacetime where the Yang-Mills field lives.
Using (28), (32) and the identification S = SB, the entropy in the Yang-Mills
theory maybe expressed in terms of the magnetic flux. We can also rewrite
Eq.(57) in the form of (31):
S2H = S2 − (SBH − S)2 , (58)
which gives the bound for the entropy S:
S2 ≥ S2H , S2 ≥ (SBH − S)2 . (59)
If necessary the above YM entropy bound found for the particular thermal
solution mapped to three-dimensional FRW cosmology maybe completely
expressed in terms of gauge fields and sources. Moreover, it is clear that
similar procedure maybe applied to study new solutions and entropy bounds
for other cases, including YM theory in four and higher dimensions.
There are recent gravitational theory results which have the holographic
origin: like FRW cosmology presentation in the form reminding about two-
dimensional CFT entropy (see [7] for a recent review) or cosmological entropy
bounds. The main lesson of our investigation is that similar results are in
some sense universal. They should be expected in other theories, like in the
case of YM theory under consideration.
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